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Chapter 1 PREVIEW

Regression is a procedure which selects, from a certain class of functions, the one which
best fits a given set of empirical data (usually presented as a table of x and y values with,
inevitably, some random component). The ’independent’ variable X is usually called the
regressor (there may be one or more of these), the dependent’ variable y is the response
variable.. The random components (called residuals) are usually assumed normally
distributed, with the same ¢ and independent of each other.

The class from which the functions are selected (the model) is usually one of the
following types:

1. alinear function of x (i.e. y = a+bx) - simple (univariate) linear regression,
2. alinear function of xi, X2, ... Xk - multiple (multivariate) linear regression,
3. a polynomial function of x - polynomial regression,

4. any other type of function, with one or more parameters (e.g. y = ae®™) nonlinear
regression.

The coefficients (parameters) of these models are called regression coefficients
(parameters). Our main task is going to be to find good estimators of the regression
coefficients (they should have correct expected values and variances as small as
possible), to be used for predicting values of y when new observations are taken.

Some of the related issues are:

1. How do know (can we test) whether the relationship (between y and x) is truly
linear? What if it is not (we have switch to either polynomial or nonlinear model).

2. Similarly, are the residuals truly normal and independent of each other? Howdo
we fix the procedure if the answer is NO.

3. Even when they are normal and independent, what if their variance changes with
x (here, we have to do the so called weighted regression).

4. Even when all the assumptions are properly met: In the multivariate case with
many independent variables, do we really need them all to make a good prediction
about y ? And, if it is possible to reduce them (usually substantially) to a smaller
subset, how do we do it (i.e. selecting the best five, say).?



Chapter 2
USING MAPLE

Basics

Typing an expression (following Maple’s > prompt) results in evaluating it. When the
expression contains only integers (no decimal point), one gets the exact (rational)
answer, as soon as at least one number in the expression is real (with a decimal point),
the result is real (rounded off to 10 significant digits). The symbols *, / and " facilitate
multiplication, division and exponentiation, respectively. Note that each line of your
input has to end with a semicolon:

>4%5-3/(54+2)4+2 (-

1103

w6 3);

The result of any computation can be stored under a name (which you make up,
rather arbitrarily), and used in any subsequent expression. Maple then remembers the
value, until the end of your session, or till you deliberately replace it with a new value.
Note that this (giving a name to a result) is achieved by typing the name, followed by a
colon and the equal sign (a group of two symbols, representing a single operation),
followed by the actual expression to be stored:

>a:=(30+4)x(2-6)+2/3—-4/5a:=

—28.13333333

>al7+9;
4.98095238
> a = 14/6;
a=-3,
>all+9;
a = 283;

(from now on, we will omit the > prompt from our examples, showing only what we
have to type).
Maple can also handle the usual functions such as sin, cos, tan, arcsin, arccos, arctan,

exp, In, sgrt, etc. All angles are always measured in radians. sin(3.);sqrt(8);
1411200081

242

We can also define our own functions by:



fi=x—>x"2;

fi=x—x2

f(3);
9
where f is an arbitrary name.

Lists and Loops
Maple can store, under a single name, a whole list of values, thus: a :=

[3/2,5, sart(3), 71;
i i— |§ 3, V3, T
The individual elements of a list can be referenced by indexing (and used in
computing another expression):

a[2] = 4;

20
One can add elements of a list by the following command (as Maple calls them):
sum(’a[i]’,’i’=1..4);

272+ \3

One can convert the last answer to its decimal form by:
evalf(%);

15.23205081

Note that the % symbol always refers to the previous expression.

Similarly to sum, one can also compute product of elements of a list.

To subtract say 3 from each element of the list a, redefining a correspondingly, can
be achieved by:

for i from 1 to 4 do a[i] := a[i] — 3 end do:

Note that terminating a statement by : instead of the usual ; will prevent Maple from
printing the four results computed in the process (we may not need to see them
individually). Also note that, upon completion of this statement, i will have the value of
5 (any information i had contained previously will have been destroyed)!

We can easily verify that the individual elements of our a list have been updated
accordingly:

a[2];
2
We may also create a list using the following approach:
b :=[seq(2"i,i =1..6)];



b:=[2, 4,8, 16, 32, 64];
Variables and Polynomials

If a symbol, such as for example x, has not been assigned a specific value, Maple
considers it a variable. We may then define a to be a polynomial in x, thus:

a=3-2xx+4=xx2;

a:=3—2x+4x?

A polynomial can be differentiated diff(a, x);

-2 + 8X

integrated from, say, 0 to 3 int(a,x =
0..3);
36
or plotted, for a certain range of x values plot(a,x =
0..3);

We can also evaluate it, substituting a specific number for x (there are actually two
ways of doing this):

subs(x = 3,a); eval(a, x = 3);
33

33

We can also multiply two polynomials (in our example, we will multiply a by itself),
but to convert to a regular polynomial form, we nee to expand the answer:

a * a; expand(%);

(3 — 2x + 4x?)?



9 — 12x + 28x%2— 16x3 + 16x*
10

Procedures

If some specific computation (consisting, potentially, of several steps) is to be done,
more than once (e.g. we would like to be able to raise each element of a list of values to
a given power), we need first to design the corresponding procedure (effectively a
simple computer program), for example:

RAISETO := proc(L, N); local K, n, i; K:=L; n:=nops(L); for i from1ton
do KJi] := K[i]"N end do; K end proc:

where RAISETO is an arbitrary name of the procedure, L and N are arbitrary names
of its arguments (also called parameters), the first for the list and the second for the
exponent, K, nand i are auxiliary names to be used in the actual computation (since they
are local, they will not interfere with any such names used outside the procedure). First
we copy L into K (Maple does not like it if we try to modify L directly) and find its
length n (by the nops command). Then, we raise each element K to the power of N, and
return (the last expression of the procedure) the modified list. We can organize the
procedure into several lines by using Shift-Enter (to move to the next line).

We can then use the procedure as follows:

SVEFL([2, 5, 7,1, 2); SVFL([3, 8, 4], —
4, 25, 49, 1]

L

% 4 1);

Matrix Algebra
We can define a matrix by: a :=

matrix(2, 2, [1, 2, 3, 4]):

where 2, 2 specifies its dimensions (number of rows and columns, respectively),
followed by the list of its elements (row-wise).
We can multiply two matrices (here, we multiply a by itself) by

evalm(a &x* a):
Note that we have to replace the usual * by &=*. Similarly, we can add and subtract
(using + and —)a, and raiseby a vector (of matching length), which can be entereda to
any positive integer power (using ").

We can also multiply as
a list:

evalm(a &=* [2, 5]):



Note that reversing the order of a and [2, 5] yields a different answer.
We can also compute the transpose and inverse of a, but first we must ask Maple to

make these commands available by: with(linalg):
We can then perform the required operation by
transpose(a): etc.

Similarly, to solve a set of linear equation with a being the matrix of coefficients and
[2, 3] the right hand side vector, we do: linsolve(a, [2, 3]):

Other useful commands:
a := randmatrix(5, 5): creates a matrix of specified dimensions with

random elements,

augument(a, [6, 2, 7, 1, 0]): attaches the list, making it an extra
(last) column of a,

submatrix(a, 2..4, 1..2):

reduces a to a 3 by 2 submatrix, keeping only rows 2, 3 and 4, and columns 1
and 2,

swaprow(a, 2, 5): interchanges

rows 2 and 5 of a,
addrow(a, 2, 4, 2/3):

adds row 2 multiplied by Ttorow 4 of a,

To recall the proper syntax of a command, one can always type:
?addrow

to get its whole-page description, usually with examples.

Plots
Plotting a specific function (or several functions) is easy (as we have already seen):

plot({sin(x),x — x"3/6},x = 0..Pi/2):
One can also plot a scattergram of individual points (it is first necessary to ask Maple
to make to corresponding routine available, as follows:
with(plots):
pointplot([[0,2],[1,-3].[3,0],[4,1].[7,-2]]);
Note that the argument was a list of pairs of x-y values (each pair itself enclosed in

brackets).
We can combine any two such plots (usually a scattergram of points together with a

fitted polynomial) by: picl := pointplot([seq([i/5, sin(i/5)],i = 1..7)]): pic2 :=plot(sin(x),x
=0..1.5): display(picl,pic2):
12
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Chapter 3 SIMPLE REGRESSION

The model is
Yi= fo+ piXi+ e (3.1)

where i =1, 2,...,n, making the following assumptions:

1. The values of x are measured ’exactly’, with no random error. This is usually so
when we can choose them at will.

2. The ¢iare normally distributed, independent of each other (uncorrelated), having
the expected value of 0 and variance equal to ¢ (the same for each of them,
regardless of the value of x;). Note that the actual value of ¢ is usually not known.

The two regression coefficients are called the slope and intercept. Their actual values
are also unknown, and need to be estimated using the empirical data at hand.
To find such estimators, we use the

Maximum Likelihood Method

which is almost always the best tool for this kind of task. It guarantees to yield estimators
which are asymptotically unbiased, having the smallest possible variance. It works as
follows:

1. We write down the joint probability density function of the yi’s (note that these
are random variables).

2. Considering it a function of the parameters (fo, 1 and o in this case) only (i.e.
“freezing’ the Yi’s at their observed values), we maximize it, using the usual
techniques. The values of fo, 1 and o to yield the maximum value of the actual
estimators (note that they will be functions of xbi andb y;). b this so called
Likelihood function (usually denoted by fo, f1and o) are

Note that instead of maximizing the likelihood function itself, we may choose to
maximize its logarithm (which must yield the same fhbo, fb1and ob).

Least-Squares Technique
In our case, the Likelihood function is:

1 - (y; = By = F,:)?
f,:TIIc:{pl—" SRS
{\..-""E‘,T."T]" " 2-5"‘!

and its logarithm:

1 )
InlL =—=log(27) —nlno —
2 ' 2
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To maximize this expression, we | o
first differentiate it with respect 2. W= Bo=Pmi), q i=1
to o, and make the result equal to

zero. This yields:

Tt

where Sboand Sbz are the values of ~ which minimize ;

i=1 —0—1

namely the sum of squares of the vertical deviations of the y; values from the fitted

straight line (this gives the technique its name).

and B1, and set each of the two answers to zero. This yields:b b To find o and S1, we
have to differentiate SS, separately, with respect to o

2: (1 — By — By) = 2: Y —nPy — 54 x ;=10
1=1 n

i=1 i=1

and

T Tt n

Z zi(ys — By — B1xi) = Z.r',- Wi — S x; — 3 Z rf =10

i=1 i=1 i=1 i=1
or equivalently, the following so called

Normal equations

e n

n 3y + 3, Z T = Z i

i=1 i=1
T T
~ -~ -
To E x; + 3, 2 r; = 2 £
i=1 i=1 i=1

They can be solved easily for foand f1 (at this point we can start calling them b and b

) 1
B B B B ( )¢ o
E :ni=1Xiyi—iI= Xi ialyi:iﬂ Xi — Yi—y Sy
1 |23 2 =
B 2 B ( 7)? Sxx
n  Xxj- Xi g it X
i1 i1 L
and B B
bo=y — fbix (3.2)

meaning that the regression line passes through the (x,y) point, where

oy
=1

m
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and variables, their joint . distribution is thus of the bivariate

PR

I.—1
normal type.b b Each foand p1is 7 clearly a linear combination of

=
If

normally distributed random

>x:=[77,76,75,24,1,20,2,50,48,14,66,45,12,37]:

>y :=[338,313,333,121,41,95,44,212,232,68,283,209,102,159]:
> xbar = sum(x[i]’,’i = 1..14°)/14.. >

ybar := sum(’y[i]’,’i = 1..14°)/14..

>> SxxSxy :=:= sumsum((*’((xx[[ii]]—xbarxbar))**2(’,y’[ii]= 1- ybar..14°)):" ’i = 1..14°):

> Bl = SxylSxx; pl =
3.861296955;

= 40 = yhar — A1 = xbar
30 := 312764689 -
> with(plots):
> pl1 := pointplot([seq([x[i].y[i]].i = 1..14)]):

>>displaypl2 := plot(pl1(,p/50 +2);51 * x,x = 0..80):

Statistical Properties of the three Estimators

First, we should realize that it is the yi (not x;) which are random, due to the &i term in
(3.1) - both foand g1 are also fixed, albeit unknown parameters. Clearly then

E(yi—y) = fo+ xi— (Bo+ f1x) = 1 (Xi— X)

which implies

mn

S a; —T) - Ely — 7)

= - =, ]E,(’}lj] —

5 (i — )
i=1

Similarly, since B3y = 5+ 57 we
get




14

b b
To find their respective variance, we first note that

B _ B B _
T (P R T 9
1= 4 22 = 11.;1
(Xi - _)2 (Xi - _)2
i=1 i=1
Both (right?), based on which fo and By are

thust ™ BIASED estimators of 'lIU and ?)] respect|ve|y

2
N i :)_‘UJ — )7 Varly) S, ot
Viax ('j') N T s, 5,
(E (x; — _T-)'&) o -
i=1
From (3.2) we get
varsp o) = Var(z) — 27 Cov(7, B,) + 7 Var p

(.J' ) S0 oW We need
We already have a formula for Var bz,
H'.!

Var(j) = Var(Z) = —
m

and

T n T
. 5 gy E (r; =) &g a? Sz —T)
(7. 3,) = Cov | =2— = = — =1 =10
(7. 3y ) 8] n Ser S

Cov
(uncorrelated). Putting these together yields:

= .1 T
Var ( ﬁ.;;) = 72 (; - .":'_,_,)

The covariance 4, and 7, is thus equals to —7 Var(3,)
between, and their correla-
tion coefficient is

,.-'1 1 S,
ViIta =

Both variance formulas contain ¢, which, in most situations, must be replaced by
its ML estimator
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L3

where the numerator S (i — g — Byxi)? debfines the so called

. . SHe
residual (error) sum of 5% — = = - squares. It can be
) " n

Ll i

- - - 2
S5 = Z (i = §+ 51T — )" = Z [ i~ 1 -l'f]'J

i=1 i—1

i iy . s . . . ﬁ-'l..-'.;. " 'Hl.l'_l_,l : .
= Syy = 201 Sy + 5150 = Syy — 2.._; _'{’J'.'x + g D

2
'L’l.f.rr.r 5 1 Sia
G by T — 5,7)

rewritten in the following form (replacing¥ ¥ = 7 (T

'L;.I /] " - ¥ Y -

— g Syy — D10zy = Sy

WIE

Based on (3.1) and¥ = g + 5,7 +F (from now on, we have to be

very careful to differentiate between, etc.), we get
i3y and fiu
A 3
E(Sy) = (i 2181 1Xi—X) + (6= &)]?) = fA1 St (N — 1)

=1
(the last term was derived in MATH 2F96). Furthermore,

3 - r.-'- ~ i . r
) = Var(3,) - B 82 = i

Combining the two, we get

E(SSe) = %(n - 2)

S5
Later on, we will be able to prove that =2 has the y? distribution with n — 2

degrees of freedom. It is also independent of each foand f1.

This means that there is a slight bias in the ob?n estimator ofb b o (even though
the
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bias disappears in the n —oofix this by delimit - such estimators are calledfining a new,
fully unbiasedasymptotically unbiased). We can easily

T = _'J 1|..Ir.l'1 F

it — 2

Ty
SS (the so called mean square) to

be used instead of from now on. All of this implies that both b

- )
-3:-:| — D

and

1
MSg (33)

Vs

either to construct the so calledhave the Student t distribution with n — 2 degrees of

freedom. This can be usedfor either go or g1, or to
confidence interval
test any hypothesis concerning fo or f1.

The corresponding Maple commands (to compute SSg, MSg, and the two standard
errors - denominators of the last two formulas) are:

>> SSESyy :=sum((y[i] —"2ybar* Sxx)"2:,i = 1..14):

> MSE:= Syy — p121:
.= SSE/
> sel :=sqrt(MSE/Sxx):
> se2 :=sqrt(MSE/(1/14 + xbar"2/Sxx)):

Confidence Intervals
To construct a confidence interval for an unknown parameter, we first choose a so called

confidence level 1 — « (the usual choice is to make it equal to 95does%, with a = 0.05).
This will be the probability of constructing an interval which contain the true value of
the parameter.

Regression coefficients
Knowing that (3.3) has the tn-2 distribution, we must then find two values (called critical)
such that the probability of (3.3) falling inside the corresponding interval (between the
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two values) is 1 % At the same time, we would like to have the interval as short as
possible. This means that we will be choosing the critical values symmetrically around

0; the positive one will equal to t= n-2, the negative one to t
distribution) - these critical values are widely tabulated. We can also=2""2 (the first index

now refers to the area of the remaining tailfind themof the with the help of Maple, by:

>with(stats):

> statevalf[icdf,studentst[12]](0.975); where icdf stands for ’inverse cumulative
density function’ (’cumulative density function’ being a peculiar name for ’distribution

I — 5 function’), and 0.975 is the value of (leaving= for the tail).

The statement that (3.3) falls in the interval between the two critical values of ty-2 is

equivalent (solve the corresponding equation for f1) to saying that the value of g1 is in

a ! A .Ilr.L-.;H
A 2y = tllﬂ —z /! =
the following range ¥V S b
which is our (1 — «) - 100% confidence interval. 100% right

The only trouble is that, when we make that claim, we are either or 100% wrong,
since f1is not a random variable. The probability of ’hitting’ the correct value was in
constructing the interval (which each of us will do differently, if we use independent
samples). This is why we use the word confidence instead of probability (we claim, with

the (1 — a) - 100% confidence, that the exact value of g1 is somewhere inside the
constructed interval).
Similarly, we can construct a 1 — « level-of-confidence interval for gbo, thus:

r

| T
Tg Ttz '2I1| 1"“"! (_ F = )
3 g

two (with a specibfic level of conb fidence) is more complicated (one has to construct
Note that, since fo and f1 are not independent, making a joint statement about the a
confidence ellipse, to make it correct).

Residual variance

S5
Constructing a 1—a confidence interval for 62 is a touch more complicated. Since a2
has the y%.-2 distribution, we must first find the corresponding two critical values.
Unfortunately, the 2 distribution is not symmetric, so for these two we have to take

"— =2 and y?1- n-2. Clearly, the probability of a y?,-2 random variable falling between
the two values equals 1 — o. The resulting interval may not be the shortest of all these,
but we are obviously quite close to the right solution; furthermore, the choice of how to
divide a between the two tails remains simple and logical.

Solving for ¢ yields !
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S5, S8 - - -
as the X] 2, 2 Xa, » corresponding 100% dence interval.
Maple can o supply the critical values:
> (I—a) confi statevalf[icdf,chisquare[12]](.975);

Expected-value estimator
Sometimes we want to estimate the expected value of y obtained with a new choice of x

(let us call it xo) which should not be outside the original range of x values (no

extrapolation)! This effectively means that we want a good estimator for E(yo) = fo +

P1Xo. Not surprisingly, we use which is clearly unbiased, normally distributed, with the
fio = By + Byto =T+ 5y(z0 — T)

0] L,

o o —id

. — + %0 —7T)
variance of n o

since yand pbz are uncorrelated. This implies that
_;';'.” — "";[If_ll'“:'

{ 1 Iy — )2
‘v‘l .”'L;.f.' (; 4+ l:“hl—!)

must also have the tn-2 distribution.. It should now be quite obvious as to how to
construct a confidence interval for E(yo).

New y value
We should also realize that predicting an actual new value of y taken at Xo (let us call it

yo) is a different issue, since now an (independent) error &o is added to best prediction of
go IS its expected value 0), but the variance of yobis the varianceb fo + Sixo. For the
prediction itself we still have to use the same So + B1xo (our of ybo plus ¢ (the variance
of o), i.e.

, ot gl .
o'+ — + —(xg — T)
I

TR

It thus follows that
Hn i

IIII l, |:|l[] _ .T_:'i
fMSp|l+—4+ ——
\.‘ E ( iy -

100also has the% predictiont,-2 distribution.. We can then construct the
correspondinginterval for yo. The reason why we use another name again(1 — «) - is that
now we are combining the a priori error of a confidence interval with the usual, yet-to-

happen error of taking the yo observation.
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Hypotheses Testing
Rather than constructing a confidence interval for an unknown parameter, we may like
to test a specific hypothesis concerning the parameter (such as, for example, that the
exact slope is zero). The two procedures (hypotheses testing and confidence-interval
construction) are computationally quite similar (even if the logic is different).

First we have to state the so called null hypothesis Ho, such as, for example, that f1
= 0 (meaning that x does not effect y, one way or the other). This is to be tested against
the alternate hypothesis Ha (1= 06 in our case).

To perform the test, we have compute the value of a so called test statistic T. This
is usually the corresponding estimator, ‘normalized’ to have a simple distribution, free
from unknown parameters, when Ho is true - in our case, we would use (3.3) with 1 =
0, i.e.

y
VoS
Under Ho, its distribution is tn-2, otherwise (under Ha) it has a more complicated non-
central distribution (the non-centricity parameter equal to the actual value of f1).

Now, based on the value of T, we have to make a decision as to whether to go with
Ho or Ha. Sure enough, if Ho is true, the value of T must be relatively small, but how
small is small? To settle that, we allow ourselves the probability of a (usually 5%) to
make a so called Type | error (rejecting Ho when true). Out critical values will then be
the same as those of the corresponding confidence interval (xt- n-2). We reject Ho
whenever the value of T enters the critical region (outside the interval), and don’t reject
(accept) Ho otherwise. Note that the latter is a weaker statement - it is not a proof of Ho,
it is more of an inability to disprove it! When accepting Ho, we can of course be making
a Type Il error (accepting Ho when wrong), the probability of which now depends on the
actual (non-zero) value of 1 (being, effectively, a function of these). To compute these
errors, one would have to work with the non-central tn-2 distributions (we will not go
into that).

Model Adequacy (Lack-of-Fit Test)

Let us summarize the assumptions on which the formulas of the previous sections are
based.

The first of them (called model adequacy) stipulates that the relationship between x
and y is linear. There are two ways of checking it out. One (rather superficial, but
reasonably accurate) is to plot the resulting residuals against the x; values, and see
whether there is any systematic oscillation. The other one (more ’scientific’ and
quantitative) is available only when several independent y observations are taken at each
Xi value. This yields and ’independent’ estimate of our o, which should be consistent
with the size of the computed residuals (a precise test for doing this is the topic of this
section, and will be described shortly). The other three assumptions all relate to the &i’s

1. being normally distributed,
2. having the same (constant) standard deviation o,
3. being independent, i.e. uncorrelated. We would usually be able to

(superficially) establish their validity by scrutinizing the same ei-xi graph. In
subsequent sections and chapters, we will also deal with the corresponding remedies,
should we find any of them violated.
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For the time being, we will assume that the last three assumptions hold, but we are
not so sure about the straight-line relationship between x and y. We have also collected,
at each x;, several independent values of y (these will be denoted yij, where j = 1, 2,...n;).

In this case, our old residual (error) sum of squares can be partitioned into two
components, thus:

Tre LIS e LIS m

S5Sg = z Z[,r!-, iy = Z Z[,r;.-l 7. 4 Z My i)

i=1 §=1 i=1 j=1

SSpe + SSLoF

and LACK OF FIT, respectively. Here, m

due to pure erroris the number of distinct x; values, and

I v/

T
I

Tl
is the "group’ mean of the y observations taken with xi. Note that the overall mean (we
used to call it y, but now we switch - just for emphasis - to y, and call it the grand mean)
can be computed by

=_ it 2t _ Y T,
' D iy D i1 M

The old formulas for computing fo and p1 (and their
standard errors) remain fine correct, but one has to rede
But the primary issue now 7" ui; _ b
is to verify that the model ’ S
is adequate. m
To construct the appropriate test, we first 5,, = 2: ni(z; —T)°

have to prove that, under the null hypothe5|s i=1

independent, and have the y%h-m and Kom2

distribution, respectively (where™ = Dot

(linear model correct), SR and TEE are N, - =
-L!'.r],l = Z['r.a 'IJ ZI""U"-" .I'_,f] = Z ”_.':_.-! :
i=1 j=1 i=1

, the total number of y observatlons)

Proof: The statements about “2 is a MATH 2F96 result. Proving that S o the ym
. _ ., 2distribution is the result of the next section. Finally, since is
> i1 — ) independent of%: (another MATH 2F96 result), and SSpe
|s asum of the former, and SS.or is computed based on the latter (since
W= o+ 5w
only ). L , and both bo and pb1 are computed using the *group’ means¥:
To test the null hypothesis that the x-y relationship is linear (against all possible
alternatives), we can then use the following test statistic:
HHLU#
m — 2
;'L.'rn';;ll'-"}-__'
no—in
which (under Ho) has the Fm-2,n-m distribution. When Ho is false, SSLor (but not SSpg)
will tend to be ’noticeably’ larger than what could be ascribed to a purely random
variation. We will then reject Ho in favor of Ha as soon as the value of the test statistics
enters the critical (right-hand tail) region of the corresponding F distribution.
>x:=[1,3,6,8.]:
>y:=[[2.4,3.2,2.9,3.1], [3.9/4], [4.2], [4.1,4.7,5.6,5.1,4.9]]:

T)Y;
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> ng := [seq(nops(y[i]), i = 1..4)]:
> n :=sum(ngli], i = 1..4):

> ybar := [seq(sum(y[i][j], j = 1..ng[i])/ng[i], i = 1..4)]:

>> xmeanSSpe :=:=sumsum(sum(ng[((ily=[iybarx][[jil], i—[i], i= lybar= 1..[4)i])../n"4)2:, j/n:=

1.ng[i]), 1=1..4):
>>> ymeanSxxSxy :=:=:=sumsumsum((ngng([[ngii]]**[i]((xx*[[ii]]—xmeanxmean))"*2ybar, i =
1[il, i..4)= 1 4):

> betal := Sxy/Sxx:
> peta0 := ymean — xmean = betal:

> SSlof :=sum(ng[i] * (ybar[i] — beta0 — betal = x[i])"2, i = 1..4):

> (SSlof/2)/(SSpe/8);
0.9907272888

> with(stats):

> statevalf[icdf,fratio[2,8]](0.95);
4.458970108

> with(plots):

> pl1 :=pointplot([seq(seq([x[i].y[il[i]], ] = 1..ng[i]), i = 1..4)]):
> pl2 :=plot(betal + betal * z, z=0.5..8.5):

> display(pl1,pl2);

Weighted Regression

In this section, we modify the procedure to accommodate the possibility that the
variance of the error terms is not constant, but it is proportional to a given function of x,
i.e. The same modification ., ,2 of the variance is also
encountered in a different Yarlsd) =" glri) = w, context: When, at xi, n
observations are taken (instead of the usual one) and the resulting mean of the y
observations is recorded (we will still call it yi), then (even with the constant-o
assumption for the individual observations), we have the previous situation with w; = n;.
The wi values are called weights (observations with higher weights are to be taken that
much more seriously).

It is quite obvious that maximizing the likelihood function will now require to
minimize the weighted sum of squares of the residuals, namely

Z wly [_.u.; - jll,l - '-'i'l'r-.'].j!

i=1

The resulting estimators of the regression coefficients are the old
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and where -

2 i1 Wi
F:;? 1 Wil
2 Wi

Tl

Z wy(x;

=1

all
for:

One can easily show that
remain the same, except

o
Il

7)?

b

Tl

Z wilz; — T) (1

=1

Ty

Corr Var

which require replacing n by the total weight.
Similarly, for the maximum-likelihood estimator of ¢* we get

1

> wi(yi — :fl 07 ~2

0 i—1 'L'g,ry - '5|-\'5".n'

— 1) Var(7)

. T =
Since " mn n

E(Sy) =E {Z

related

Var(z) =

w; [By(x; — F) + (5; — )] }='jf5r-f'+”?{”_1]

3

formulas

a?

T

i—1

remains unchanged (note that his time we did not replace n by the total weight) this can

be seen from

E [i wils; —

i=1

?j"‘fl =E [i: wi(e] — 26,7 +2°)

i=1

n

Zra‘hu i —EZH :11,_, +"u-11 }Z”*_
1—1
and S0 does we still get the same
ot ) o i 2 P
B (5,) = Var(3)) — B(B,)? = — - 3¢

E(SSg) = a’(n
This implies that

2)

(n—1)

'

)
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ob? =Sy b2 Late on, we will prove

B T

that it is still independentn — is an —— 5 unbiased estimator of &
_.:';’,7, ad il
Correlationof , and has the y?,-2 distribution.

Suppose now that both x and y are random, normally distributed with (bivariate)
parameters Wy, Wy, ox, oyand p. We know that the conditional distribution of y given x is
also (univariate) normal, with the following conditional mean and variance:

_ .f“ | 'J'I..l'

[ty b oy,

o (1 - p?) (3.4)
and 1. They are still the ’best’ (maximum-likelihood) estimators (as we will seeb Our
regular regression would estimates the regression coefficients by the usual fo shortly),

but their statistical properties are now substantially more complicated.b

Historical comment: Note that by reversing the rdle of x and y (which is now quite
legitimate - the two variables are treated as ’equals’ by this model), we get the
following regression line:

Y= iy

I'T:.J-

I= T,

One can easily see that this line is inconsistent with (3.4) - it is a lot steeper when
plotted on the same graph. Ordinary regression thus tends, in this case, to distort
the true relationship between x and y, making it either more flat or more steep,
depending on which variable is taken to be the ’independent’ one.

Thus, for example, if x is the height of fathers and y that of sons, the regression
line will have a slope less than 45 degrees, implying a false averaging trend
(regression towards the mean, as it was originally called - and the name, even
though ultimately incorrect, stuck). The fallacy of this argument was discovered
as soon as someone got the bright idea to fit y against x, which would then, still
falsely, imply a tendency towards increasing diversity.

One can show that the ML technique would use the usual x andy to estimate pxand

—_—

ey - V #=T o estimate oxand oy, and

T

:-'.Z"'.'n

W J‘.'JI-,EI - '51-?)1.-' (35)
as an estimator of p (for some strange reason, they like calling the estimator r rather than
the usual bp). This relates to the fact that

"
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R

- |

is an unbiased estimator of Cov [ X, ¥ }. Proof:

E {Z i =ty — (T = )] [t — gy — (T — )] } =

i—1

3 [( ov(X.y) — CovNY)  Cov(X¥) | Cov(X,Y ;] _
I L 1

i=1

]
nCov(X.Y) (1 - =) = Cov(X,Y) (n—1)
i

sections. Investigating their statistical properties now becomes a lot more dib b fficult
One can easily verify that these estimators agree with foand 1 of the previous

(mainly because of dividing by, which is random). We have to use largesample

approach to derive asymptotic formulas only (i.e. expanded in powers of 3—.3', something

we will take up shortly.
The only exact result we can derive is that

e

= _(n—2) -
e — 1 _ V"',"a"fl 1
v1—1? [g S 2 VET

which we know has the tn-2 distribution, assuming that 1 = 0. We can thus use it for
testing the corresponding hypothesis (the test will be effectively identical to testing Ho:
1= 0 against an alternate, using the simple model).

Squaring the r estimator yields the so called coefficient of determination

2
-y

S = S g SSg
gy 1 _ d
o

o= < =
=u Y

which tells us how much of the original y variance has been removed by fitting the best
straight line.
Large -Sample Theory
Large sample theory tells us that practically all estimators are approximately normal.
Some of them of course approach normality a lot faster than others, and we will discuss
a way of helping to ’speed up’ this process below.

To be more precise, we assume that an estimator has the form of f(X,_ _Y ,...)
where X, Y , ... are themselves functions of individual observations, and f is another
function of their sample means (most estimators are like this), say

(x —F)y —7) Ty~ T
r = — r = —
1||r..'" [.r — T:Iz . 1'I.-" (y —7)? \.,m : \'J'I y? — Hz
To a good approximation we can (Taylor) expand f(_— _X)Y ,..) around the

corresponding expected values, as follows o
XY, ) 2 fluy, pyy ) F O fNX — py )+ K FLY — oy ) +
L [ X =y )P+ 38 o FLNY =y )2+ g FLDX = )Y = py) + ..

The corresponding expected value is
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R A T TXTV Py _ o
i, pry o) 4 ff%j.fl---i t E—Lf%ﬁ—f{} | %H%Tﬂ---] b (3.6)
and the variance (based on the linear terms only):
s 20 0 i . o
X (o PP+ 2 [0 ()P + Y (e f] O S ()] e (B)

For example, one can show that

(r—T)(y —7)

3 _
is approximately normal, with the mean of (x —T)?
4 do.o,p
2o . ——= + dalta,p -
ayp et j L=
Ty 2n T

L+

(to derive this result, we borrowed some formulas of the next section). Similarly, one
can compute that the corresponding variance equals

1 [ g ,j!‘ (T o T gy
'[rl".l'll.'T.l.ll +'I.T)|‘T)|'ﬁ|)] n_j -|—24’le o -|— 1{7 fj'm,l'; T'l —
€I -" €I
a2
)
—ﬁyil —p') + .

divided by n. we concentrate on the issue which is usually consider primary for this kind
of model,b b We will not investigate the statistical behavior of 1 and fo any further,
instead, namely constructing a

Confidence interval for the correlation coefficient

To apply (3.6) and (3.7) to r, we first realize that the three means are
1

E H."I-I' - T;”:.l!; - EH = rl - ;_I]HJ'G_!;f?
E((z:—7)?% = (1- i']rrf.
} Tt
E((yx-9° = (1- l]’-’f:f:
b Tl

The corresponding variances (where, to our level of accuracy, we can already replace x

by puxand y by py) are easy to get from the following bivariate moment generating
ot 4 oits 4+ 20,0, pt .t

Mtz t,) = exp

function 2
They are, respectlvely
T -“J'z } QrJ'szipz rrzfrfp‘P = ox0 +
3:‘; — r_r! = 02x02yp2
: ] 1 —
3o, —a, = 204x
20’4y

We will also need the three covariances, which are
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3o3xoyp — a3xoyp = 203x0yp
3oxa3yp — oxo3yp_ 20103
o2xo2y + 20‘2x0’2yp2 — 02x02y 20'2x0'2y,02

This means that the expected value of r equals, to a good apprOX|mat|on to

S i —p - o
201 . 208 . L 4 450, +4 4
i, -IH + 2 e gy 1o Lo gele PP 3 le g r;}p -+ r'rln'm.u 45%.(!;5

" 2aco,p 20,0, f"

P

2n
¥
| — p°

— Jr_l -
2n

Similarly, the variance of r is

2 2 2
[nf_rrﬁ + rrf_r:rﬁ,u"’j ( £ ) + 201 ()—'r:) + 2{?,: (}—’j) + dola,p ( o ) (‘) I;)
TP o o2 Ty P D2
Iy Iy a5 14 2
+l-’T AT P(n-lﬂ-uﬂ) (25 ) + J.I'Tl)l.'Tij,)( ) ( ) =1_2.|”)+|”]=|:.1_.I”):|)+

divided by n.

Similarly, one could compute the third central moment of r and the
corresponding skewness (which would turn out to —% be, i.e. fairly substantial
even for relatively large samples).

One can show that integrating(in terms of p) results in a new quantity

Vil —p7)
whose variance (to this approximation) is constant (to
understand the logic, we realize that F(r) has a variance given by Fo(p)?-Var(r); now try

to make this a constant). The integration yields

1 14p
;ln

= arctanh p
l —p

and, sure enough, similar analysis shows that the variance of the corresponding

estimator, namely
1 l+

= B In -
L
is simply n " (carrying the computation to terms shows that =3 is a better
approximation). Its expected value is similarly
1 1
—ln e + £
I—p  2n (3.8)

and the skewness is, to this approximation equal to 0. The estimator z is therefore
becoming normal a lot faster (with increasing n) than r itself, and can be thus used for
constructing approximate confidence intervals for p. This is done by adding the critical
values A, ——} to =z, ofmaking the two resulting limits equal to (3.8), and

solving for p (using a calculator, we usually neglect the 3 term
and use tanh(...); when Maple is available, we get the more accurate solutions).
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Chapter 4 MULTIVARIATE (LINEAR)
REGRESSION

First a little insert on

Multivariate Normal Distribution
Consider n independent, standardized, Normally distributed random variables. Their
joint probability density function is clearly

d

P 1
; 5 —n 1 v —¥t &
(21,2, 00 20) = 20) ™2 exp | —5— | = (2m) '-J-exp(—T)

(a product of the individual pdf’s). Similarly, the corresponding moment generating
function is

n
£2 .
_ Z| o t't
{":\1] T = F"]{]:J' T
The following linear transformation of these n random variables, namely
X=AZ+p

where A is an arbitrary (regular) n by n matrix, defines a new set of n random variables
having a general Normal distribution. The corresponding PDF is clearly

1 (x — ) (A4 (x — p)
— — cexp | — : =
V{.}JT i |f.‘]F"1 |:.|'(:'.';,| 2

1 (x —p) W x — p)
o w—— : P?{[j -
v (2m)" det (V) 2
and the MGF

. . o tTAATE
E{F?{p [t'r (&7 4+ ,u]_} = exp {t‘l;_.:jj 'E‘KIJ( x; ) =

. LVt
Exp{t"n]-eﬁ:p( 5 )

where V ~ AATis the corresponding variance-covariance matrix (this can be verified

directly). Note that there are many different A’s resulting in the same V. Also note that
Z = A-}(X—p), which further implies that

CeT A YTA ) = CpTaan) () = eVt

has the y?, distribution.
The previous formulas hold even when A is a matrix with fewer rows than columns.
To generate a set of normally distributed random variables having a given variance-
covariance matrix V requires us to solve for the corresponding A (Maple provides us
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with Z only, when typing: stats[random,normald](20) ). There is infinitely many such
A matrices, one of them (easy to construct) is lower triangular.

Partial correlation coefficient
The variance-covariance matrix can be converted into the correlation matrix, whose
elements are defined by:

Clearly, the main diagonal elements of C are all equal to 1 (the correlation of Xi with
itself).

Suppose we have three normally distributed random variables with a given
variance-covariance matrix. The conditional distribution of Xz and Xsgiven that -¥1 — £;
has a correlation coefficient independent of the value of:. It is called the partial
correlation coefficient, and denoted p23;1. Let us find its value in terms of the ordinary

correlation coefficients..

Any correlation coefficient is independent of scaling. We can thus choose the three
X’s to be standardized (but not independent), having the following treedimensional PDF:

=1

1 XU X
——— ——— * EX]p —a
\/ (2m)3 det (C-1) 2
1 pa Ma
C=1pa 1 po
where P Pas L

Since the marginal PDF of X1 is

the conditional PDF we need is

| x!'Clx — o
Vv (27)2 det(C-1) P 2

The information about the five parameters of the corresponding bi-variate distribution
isin
x'Clx - Jf =

P1ati

2 P

T2 = pPrats I a1\ o Paa — Prafhis T2 = P12 T3
[ 7 ok ; G ; [r—— e
V1= i V91— ".,-"f] ~ PV L= pis \ V1 piy V1= piy

)

2
1 — oz — Mafa
S/ 2 F]
V1= playl—pi

which, in terms of the two conditional means and standard deviations agrees with what
we know from MATH 2F96. The extra parameter is our partial correlation
coefficient
Pag — Mz
‘n..f’:l ;in \/l ﬂ.fﬂ
Multiple Regression - Main Results
This time, we have k independent (regressor) variables xi, Xo,...,Xx; still only one
dependent (response) variable y. The model is

Pz =
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Yi= fo+ fiXvi+ BoXoi+ ... + LiXki + éi

with i = 1, 2,....,n, where the first index labels the variable, and the second the
observation. It is more convenient now to switch to using the following matrix notation
y=Xp+e

where y and € are (column) vectors of length n, B is a (column) vector of length k+1,
and X is a n by k+1 matrix of observations (with its first column having all elements
equal to 1, the second column being filled by the observed values of xi, etc.). Note that
the exact values of  and ¢ are, and will always remain, unknown to us (thus, they must
not appear in any of our computational formulas).

Also note that your textbook calls these f’s partial correlation coefficients, as
opposed to a total correlation coefficient of a simple regression (ignoring all but one of
the independent variables).

To minimize the sum of squares of the residuals (a scalar quantity), namely

(yT —XBT)T(y—XTB) Tr T T
yy-yXp-BXy+pXXp

(note that the second and third terms are identical - why?), we differentiate it with
respect to each element of 3. This yields the following vector:

—2XTy + 2XTXB
Making these equal to zero provides the following maximum likelihood (least square)
estimators of the regression parameters:
= (XTR)T'X
B B Ty=p + (X™X)-XTe

tributed with the variance-covariance matrix ofb 171 The last form makes it clear that are

unbiased estimators of 3, normally dis-
A(XTX) IXTX(X X) 1= (X X)?

The °fitted’ values ¥ (let us call them y), ofare

B=XB+XX"X) 'Xe=XB+
computed by yb = Xb He

where H is clearly symmetric and idempotent (i.e. H?> = H). Note that HX = X.
This means that the residuals ejare computed by

e=y-yb=(I-H)e
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(I —H is also idempotent). Furthermore, the covariance (matrix) between the elements

of Bb —B and those of e is:

E [{_f?- —B)e”| = E[(X"X)' X ee” (I - H)]

(X"X)"'X"E [ee"]| (I-H) =0
which means that the variables are uncorrelated and therefore independent (i.e. each of
the regression-coefficient estimators is independent of each of the residuals — slightly

counter-intuitive but correct nevertheless).
The sum of squares of the residuals, namely e'e, is equal to

g (I-H)T (I-H)e = e"(I-H)e

Divided by ¢*:
el(I-H)e
—

Z (I - H)
z

T

where Z are standardized, independent and normal.

can be written asWe know (from matrix theory) that any symmetric matrix (including
ourRT DR, where D is diagonal and R is orthogonal (implyingl—H)

RT=R-1). We can then rewrite the previous expression as

Z'R'DRZ = Ze'DZe
(since its variance-covariance matrix equalse 1). Its distribution is thus »? if and where

Z RZ is still a set of standardized, independent Normal random variables

only if the diagonal elements of D are all equal either to 0 or 1 (the number of degrees
being equal to the trace of D).

theprocess). Well, such a test is not diHow can we tell whether this is true for ourRTDR form)
without actually performing the diagonalization (a fairly trickyfficult to design, once we notice

thatl—H matrix (when expressed in( 2=

diagonal) if and only ifRrTDRRTDR = RtD2RD.%Clearly,= D, which is the same as saying
thatD has the proper form (only 0 or(I-1 Hon the main)l>—=HI-H

(which we already know is true). This then implies that the sum of squares of the
residuals has y? distribution. Now, how about its degrees of freedom? Well, since the
trace of D is the same as the trace of R"'DR (a well known property of trace), we just
have to find the trace of I-H, by

Tr
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1—H] = Tr(Lixp ) = Tr (H) = n — Tr (X(XTX)'XT) = n_ ¢
Tr((X7X)7'X"X =n T (Lpiyxpry =n  (k+1) ¢ _

i.e. the number of observations minus the number of regression coefficients.
The sum of squares of the residuals is usually denoted SSg (for ’error’ sum of squares,
even though it is usually called residual sum of squares) and computed by

y—%,ﬁjriy—iﬁj yfy—yf'%ﬁ—,ﬁ’x"ﬁﬁ’x!'% ) ( B=
vy —y"XB-B X"y+B X"y =yTy —y"XB =
I'}, B IEI Kry
=y
We have just proved that it has ™ the 2 distribution with n — (k +
1) degrees of freedom, and is independent of B. A related
definition is that of a residual SSp (error) mean square MS n — (k

This would clearly be our unbiased estimator of 2. >

with(linalg): with(stats): with(plots):

>x1:=[2,1,8,4,7,9,6,9,2,10,6,4,8,1,5,6,7]:

> x2 :=[62,8,50,87,99,67,10,74,82,75,67,74,43,92,94,1,12]:

> x3 :=[539,914,221,845,566,392,796,475,310,361,383,593,614,278,750,336,262]:

>y :=[334,64,502,385,537,542,222,532,450,594,484,392,392,455,473,283,344]:

> X := matrix(17,1,1.):

> X := augment(X,x1,x2,x3):

> C := evalm(inverse(transpose(X)&*X)):

> beta := evalm(C&* transpose(X)&*y); pf := [215.2355338,
22.41975192, 3.030186331, —0.2113464404]

= ¢ := evalm( X &% hefa — y):

> MSe := sum(e['i']"2,%'= 1..17) /13
MSe :=101.9978001

> for i to 4 do sgrt(C[i,i] * MSe) od;

10.83823625
0.9193559350
0.07784126745
0.01214698750

Various standard errors
We would thus construct a confidence interval for any one of the A coefficients, say f;,

8; £ tg,ns1/Cjj - MSg
by where
P 1'= v—1
C=(3HX)".

Similarly, to test a hypothesis concerning a single S;j, we would use
4, =4,
o g
"n,.-":-[.'f_.i I %] E’L
as the test statistic.
Since the variance-covariance matrix of B is ;2(XTX)~", we know that

B)'XTX(g - g)
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(Bb — 2 b
o
has the y%w1 distribution. Furthermore, since the f’s are
independent of the residuals, (3 — 8)' X"%(3 — 3)
||I'|' { ].
5895
n—k—1

must have the Fy+1n«-1 distribution. This enables us to construct confidence ellipses
(ellipsoids) simultaneously for all parameters or, correspondingly, perform To estimate
E(yob), where yo is the value of the response variable when we choose

a single test of Ho: B = Bo. a brand new set of x values (let us call them Xxo),

we will of course use

Bbtxo

which yields an unbiased estimator, with the variance of

a2 XoT (X1 X)-1Xo0

(recall the general formula for a variance a linear combination of random variables).
To construct a corresponding confidence interval, we need to replace ¢ by MSg:

T T .
Xo =tz . B k1" -,lv.."xl‘; Cxp- MEg

Predicting the 3o actual value of , one has to include the ¢
variance (as in the univariate case).:

. q

[b Xpo t‘f,n—k—l. (1+ XECX0)°MSE

Weighted-case modifications
When the variance of WQrgqqalya&éntly, when the variance-covariance matrix of € is
given by c2W-1 ’

where W is a matrix with the wi’s on the main diagonal and 0 everywhere else, since the
&i’s remain independent (we could actually have them correlated, if that was the case).

The maximum likelihood technique now leads to minimizing the weighted sum of
squares of the residuals, namely

SSe = (y—XB)T W(y—Xp)

yielding
Bb = (XTWX)-IXTWy=B + (X" WX)-1XT We
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This implies that the corresponding variance-covariance matrix is now equal to
(XTWX) IXTW(APW-HYWX(XTWX) T = 2 (XTWX) L
The H matrix is defined by
H=X(XT WX)-1XTW

(idempotent but no longer symmetric). One can then show that B and e remain
uncorrelated (thus independent) since

(XTWX)-LXTWEEeeTa(I-H ) = O

Furthermore, SSe can be now reduced to

(1 - H)" W(I — H)e=
o’ ZT WV - H)T W(I - H)W Y%,

Since
W-12(I-H)T W(I-H)W-12 = 1-W12 X(Xt WX)-1XT W12 IS symmetric,
. 585,
- T— ..lrl: | . —_— -
idempotent, and has the trace equal 0" " +1) a2 still has

the y%n-(+1) distribution (and is independent of B).

Redundancy Test
Having more than one independent variable, we may start wondering whether some of
them (especially in combination with the rest) are redundant and can be eliminated
without a loss of the model’s predictive powers. In this section, we design a way of
testing this. We will start with the full (unrestricted) model, then select one or more
independent variables which we believe can be eliminated (by setting the corresponding
f equal to 0). The latter (the so called restricted or reduced model) constitutes our null
hypothesis. The corresponding alternate hypothesis is the usual “not so” set of
alternatives, meaning that at least one of the § (i.e. not necessarily all) of the null
hypothesis is nonzero.

The way to carry out the test is to first compute SSg for both the full and restricted

-5 o= Trull 1 TE A . l 1,"'{,!‘.!'
model. (let us call the answers™5r  and=5% " respectively). Clearly, 5% must be
smaller that S5%" (with more independent _
variables, the fit can SSEM fa? and (S8t — 5884 [0
only improve). Furthermore, one can show that
n—k
(

+1) and k= degrees of freedom respectively (where K is the number of independent

are, under the assumptions of the null hypothesis, independent, 2 distributed, with

variables in the full model, and tell us how many of them are left in the restricted model).
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Proof: Let us recall the definition of H = X(X1X)-1X1 (Symmetric and idempotent). We

can now compute two of these (for the full and restricted

v o fudl T ¢ el
model), say Hrni and Hrest. Clearly, 555" = ¥' (I = Hpa)y and S35 —yr
(I-Hrest)y. Also, Xrest = Xruny where | implies dropping the last k — columns. Now

- || I= l|l - - i 1= f , L
K‘f-ul'll{‘?{"! .-..'IK_."J.'H:I i}ruf.'}gr'r st — }{frln'l[KJ';;Jfol.'.ff] AJ".-..'.IE*IM'H = }g_frn'."l == Kr'rhf

since ABi- (AB),. We thus have -
‘MJ""'"["%I “I..Pg_r ._ljf -'n'-lll}{ |: HIX.,”:I_IK{_M. = ;{ ,-I,.*._Ifr ,.r._”.,rj Xll
or

Hiun Hrest = Hrest

Taking the transpose immediately shows that, also

Hrest = Hiull Hrest

We already know whyis idempotent, with trace ofwill now show that
(SSSSErestefull—/onSS—2 has theefullk - andyn2-k(-l1—distribution:
becauseHakwui)distribution:y = (I-Hfunl)—eH. Werun

1,

)/o2 has the y -

The null hypothesis
Y = Xrest Brest + €

implies that
(Hyput — Hrea) ¥ = (HpunXKrest — HreaXrest)Brest + (Hpust — Hye) € =
[:{_.-_. El) Kr'r'.-.f TI,B..-: af f [I[-':Jrl.'.'ll :-]Ia'r -'|’J £ = {_:-].[If.'n'.l' ].I-—:l'r'.";.l'_l:I E

Htun —Hrest is idempotent, as

(HfuII—Hrest)(HfuII—Hrest) = Hitull —Hrest —Hrest + Hrest = Hull —Hrest and

Trace(Hrtun —Hrest) = Trace(Hrun) — Trace(Hrest) =
Trace(lrun) — Trace(lrest) = (k+ 1) —(+1)=k —

Finally, we need to show that e1(l — Hruil)e and eT(Hfull — Hrest)e are independent.

Since the two matrices are symmetric and commute, i.e.

(I=Htun)(Hrun —Hrest) = (Htun —Hrest) (I-Hru) = O they can be diagonalized

|'I'II ¢
by the same orthogonal transformation. This implies that &% /7 and

sl _.I Il
(S5 — S55") /0% can be expressed asZ” T Z
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remain idempotent, the issue of independence of the two quadratic forms (ase and
Z" s Z respectively (using the same Z). Furthermore, since D1and D2

they are called) is reduced to asking whether Iy Z and Tiy Z are independent or
not. Since their covariance matrix is D1Dz, independence is guaranteed by DiD2=

O. This is equivalent to (I-Hsun)(Hfun —Hrest) = O, which we already know to by
true. o

Knowing all this enables us to test the null hypothesis, based on the following test
statistic:
H."JT.'F“ _ Hf‘ri- il
h— ¥
I,c.l-.l‘;:l:l_::.ll.llt

n —(k+1)

whose distribution (under the null hypothesis) is Fk-n-k-1. When the null hypothesis is
wrong (i.e. at least one of the independent variables we are trying to delete is effecting
the outcome of y), the numerator of the test statistic becomes unusually ’large’. The
corresponding test will thus always have only one (right-hand) ’tail’ (rejection region).
The actual critical value (deciding how large is ’large’) can be looked up in tables of the
F distribution (or we can ask Maple).

At one extreme. we can try deleting all independent variables, to see whether any of
them are relevant, at the other extreme we can test whether a specific single x;j can be
removed from the model without effecting its predictive powers. In the latter case, our
last test is equivalent to the usual (two-tail) t-test of gj= 0.

Later on, we will tackle the issue of removing, one by one, all irrelevant independent
variables from the model.

Searching for Optimal Model

Realizing that some of the independent variables may be irrelevant for y (by either being
totally unrelated to y, or duplicating the information contained in the remaining x’s), we
would normally (especially when the original number of x’s is large) like to eliminate
them from our model. But that is a very tricky issue, even when we want to properly
define what the ’best’ simplest model should look like.

Deciding to make SSe as small as possible will not do any good - we know that
including a new x (however phoney) will always achieve some small reduction in SSk.
Trying to keep only the statistically significant x’s is also quite difficult, as the
significance of a specific independent variable depends (often quite strongly) on what
other x’s included or excluded (e.g. if we include two nearly identical X’s, individually,
they will appear totally insignificant, but as soon as we remove one of them, the other
may be highly significant and must stay as part of the model).

We will thus take a practical approach, and learn several procedures which should
get us reasonably close to selecting the ’best’ subset of the independent variables to be
kept in the model (the others will be simply discarded as irrelevant), even without
properly defining what ’best” means. The basic two are

1. Backward elimination: Starting with the full model, we eliminate the x with the

smallestt  +/“i 5 value, assuming this t is non-significant (using a specific
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o). This is repeated until all t values are significant, at which point we stop and
keep all the remaining x’s.

2. Forward selection: Using k models, each with a single x, we select the one of the
remaining ones (again, including the most signione with the highest t. Then we

try all k — 1 models having thisficant of these).x, and

In this manner we keep on extending the model by one x at a time, until all
remaining Xx’s prove non-significant (at some fixed level of significance usually
5%).

Each of these two procedures can be made a bit more sophisticated by checking,
after each elimination (selection), whether any of the previously eliminated (selected)
independent variables have become significant (non-significant), in which case they
would be included (removed) in (from) the model. The trouble is that some x may then
develop a nasty habit of not being able to make up their mind, and we start running in
circles by repeatedly including and excluding them. One can take some preventive
measures against that possibility (by requiring higher significance for inclusion than for
kicking a variable out), but we will not go into these details. We will just mention that
this modification is called stepwise (stagewise) elimination (selection). In this course,
the procedure of choice will be backward elimination.

We will use data of our previous example, with the exception of the values of y:

>y :=[145,42,355,123,261,332,193,316,184,371,283,171,270,180,188,276,319]:

> X := matrix(17,1,1.):

> X := augment(X,x1,x2,x3):

> C := evalm(inverse(transpose(X) &*X)):

> peta := evalm(C&* transpose(X)&*y); f := [204.8944465, 23.65441498,

0.0250321373, —0.2022388198]

>> eMSe:=evalm:=sum(X(e&[ *ibeta’]"2,’—1’= 1y):..17)/13;

MSe :=62.41228512
> for i t024.167511534 do beta[i]/sqrt(C[i,i] * MSe) od,;

32.89189446
0.4111008683
—21.28414937
> statevalf[icdf,studentst[13]](0.975);
2.160368656
> X :=submatrix(X,1..17,[1,2,4]):

In the last command, we deleted the variable with the smallest (absolute) value of t,
since it is clearly nonsignificant (compared to the corresponding critical value).
We then have to go back to recomputing C etc., until all remaining t values are
significant.
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Coefficient of Correlation (Determination)
The multiple correlation coefficient (usually called R) is computed in the manner

variable. b

of (3.5) between the observed (y) and *predicted’ (y = Hy) values of the response

First we show that y has the same mean (or, equivalently, total) as y. This can

be seen from' T T b T T T T T TT

I XX X)X y=y X(X X)X 1=y X(X X)-IX X;=y X;=y1
where 1 is a column vector of length n with each component equal to 1, and X; means
deleting all columns of X but the first one (equal to 1). between the two is computed by

b

|.l'I

y'Hy - %

If we call the It : -
corresponding mean (of y and y) v, the \, (;,-'* H2y — ,;) (y"y - LI)
correlation coefficient '

Since H is idempotent, this equals

| . 2
vITH %

yTyy—y=
R? defines the coefficient of determination, which is thus equal to y

i P ¢
THy_:ni:yTy_JnL_ Y'Y-Y'HY 5, -ss; ssg ¥

2 -2
where Ty - JnL yry - JnL Sy Sy SSkr s

the (due
to) regression sum of squares (a bit confusing, since SSe is called residual sum of
squares). It is thus best to remember the formula in the following form:

) 55
w=1--"

S
It represents the proportion of the original Sy, removed by regression.

Polynomial Regression
This is a special case of multivariate regression, with only one independent variable X,
but an x-y relationship which is clearly nonlinear (at the same time, there is no "physical’
model to rely on). All we can do in this case is to try fitting a polynomial of a sufficiently
high degree (which is ultimately capable of mimicking any curve), i.e.

Ui = Oy + 0T+ .12.r"f f 3.zt + .+ BiEf + 5y
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xEsff=ectively, this is the same as having a multivariate model withx, etc., or, equivalently

=X, X2= X5,

. . K

1 .ri .JIE

O Ty

Y . .2 N
¥=|1 z uxj Ly
1 ap 22 - o

All formulas of the previous section apply unchanged. The only thing we may like to do
slightly differently is our backward elimination: In each step, we will always compute
the t value corresponding to the currently highest degree of x only, and reduce the
polynomial correspondingly when this t turns out to be non-significant. We continue
until we encounter a significant power of x, stopping at that point. This clearly simplifies
the procedure, and appears quite reasonable in this context.

== |3,19,24,36,38,39,43, 46, 51, 58, 61, 84, 89

== [151. 143,155,119, 116,127, 145,110,112, 118, T8, 11.5]

=k =5
> X := matrix(13,k):

> itol3do forjtokdo X[i j =i (j— forl.) od od:

>C inverse(transpose( X )&*X ) —

> peta := evalm(C&* transpose(X)&*y):

= ¢ 1= evalm(N&Yheta — y):

= MSe :=sumie[] 277=1..13) /(13 — k)

= betalk]/sqrt(MSe + C'[k, k]);
—4.268191026

> statevalf2.228138852[icdf,studentst[13 — k]](.975);

>> kpll == o —pointplotl::
[[:-;L:t'|[[.r'[."_. Ir;[.r'_]. i=1.. l-'i}]jl
> pl2 := plot(beta[1] + * 2 * 2 beta]2] + beta[3] "2,z =0..90):
> display(pl1,pl2);

We have to execute the X := matrix(13,k) to k := k—1 loop until the resulting t value
becomes significant (which, in our program, happened when we reached the
quadratic coefficient).

Similarly to the simple-regression case, we should never use the resulting equation
with an x outside the original (fitted) data (the so called extrapolation). This maxim
becomes increasingly more imperative with higher-degree polynomials - extrapolation
yields totally nonsensical answers even for relatively 'nearby’ values of X.

Dummy (Indicator) Variables

Some of our independent variables may be of the "binary’ (yes or no) type. This again
poses no particular problem: the yes-no (true-false, male-female, etc.) values must be
translated into a numerical code (usually 0 and 1), and can be then treated as any other
independent variable of the multivariate regression (and again: non of the basic formulas
change). In this context, any such x is usually called an indicator variable (indicating
whether the subject is a male or a female).

X1
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There are other instances when we may introduce a dummy variable (or two) of this
type on our own. For instance, we may have two sets of data (say, between the age and
salary), one for the male, the other for female employees of a company. We know how
to fit a straight line for each set of data, but how do we test whether the two slopes and
intercepts are identical?

Assuming that the errors (&) of both models have the same o, we can pool them
together, if in addition to salary (y) and age (x), we also include a 0-1 type variable (say
s) which keeps track of the employee’s sex. Our new (multivariate) model then reads:

y=fo+ fi1X + S+ faXs + ¢

which means that, eand s). Using the usual multivariate regression, we can
nowffectively, x1= x, x2= s and x3 = xsfind the best (least-(the product of x square)
estimates of the four regression coefficients. The results must be the same as performing,

separately, two simple regressions, in the following sense:

y = po+ pix

(using our multivariate-fit ’s) will agree with the male simple regression (assuming

males were coded as 0), andb b b

b b b b
y=(Bo+ f2) + (B + B3)x

will agree with the female simple regression. So that by itself is no big deal. But now
we can easily test for identical slopes (53 = 0) or intercepts (52 = 0), by carrying out the
usual multivariate procedure. Furthermore, we have a choice of performing these two
tests individually or, if we like. collectively’ (i.e. testing whether the two straight lines
are in any way different) - this of course would have to be done by computing the full
and reduced SSg, etc. One further advantage of this approach is that we would be pooling
the data and thus combining (adding) the degrees of freedom of the residual sum of
squares (this always makes the corresponding test more sensitive and reliable).

Example: We will test whether two sets of x-y data can be fitted by the same straight
line or not.

> xl := (21,30, 35,37, 38, 38,44, 44, 51, 64]

= w2 := (20,36, 38, 40, 54, 56, 56, 57, 61,62

=yl := (22,20, 28, 34, 40, 24, 35, 33, 44, 59]:

=y C e 2 :=[16 28 33 26 40 39 43 41 52 46]:
> pll := pointplot([seq([x1[i],y1[i]].i = 1..10)]):

> pl2 := pointplot([seq([x2[i],y2[i]].i = 1..10)],color = red):

> display(pl1,pl2);
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=T op xr L,op & = [ ( 1) (2)]:
=y = |op(yl), op(y2)):
= s:=00,0,0,0,0,0.0,0,0,0,1,1,1,1,1,1,1,1,1,1] :
= I8 Tl kst,i . =[seq([] [] =120)]:
> X := matrix(20,1,1.):
> X := augment(X,x,s,xs):
> peta := evalm(inverse(transpose(X)&*X)&*transpose(X) &*y):
> e ;= evalm(X&*beta — y):
> SSeFull := sum(e[i]"2,i = 1..20); SSeFull :=
316.4550264
> X := matrix(20,1,1.):
> X := augment(X,x):
> peta := evalm(inverse(transpose(X)&*X)&* transpose(X)&*y):
> e :=evalm(X&*beta — y):
> SSeRest := sum(e[i]"2,i = 1..20); SSeRest :=
402.0404903
> ((SSeRest — SSeFull)/2)/(SSeFull/(20 — 4));

2.163605107
> statevalf[icdf,fratio[2,6]](0.95);
3.633723468

Since the resulting F2,16 value is nonsignificant, the two sets of data can be fitted by a
single straight line.

Linear Versus Nonlinear Models
One should also realize that the basic (multi)-linear model

y = Lo+ fixi+ faxe+ ... + fxk+ ¢

covers many situations which at first may appear non-linear, such as, for example

y = Po+ e+ felnt + ¢y
= o+ pret+ Balnp + ¢

where t (in the first model), and t and p (in the second one) are the independent variables

(all we would have to do is to take'! x1 = e-tand x2 = Int in the first case, and x=e

and
*2=1nP in the second case, and we are back in business. The important thing to realize
is that ’linear’ means linear in each of the A’s, not necessarily linear in x.

A slightly more difficult situation is

v=a-b*

where v is the dependent and x the independent variable. We can transform this to a
linear model by taking the logarithm of the equation
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Inv=1Ina+x-Inb

which represents a simple linear model if we take y = Inv, fo=Ina and 1= Inb. The only
trouble is that we have to assume the errors to be normally distributed (with the same o)
after the transformation (making the assumptions about errors rather complicated in the
original model).
Of course, there are models which will remain essentially non-linear no matter how
we transform either the independent or the dependent variable (or both), e.g.
i

b+

We will now learn how to deal with these.

Chapter 5 NONLINEAR REGRESSION

We will assume the following model with one independent variable (the results can be

easily extended to several) and k unknown parameters, which we will call by, b2’ ... bx:
y=f(x,b) +¢

where f(x,b) is a specific (given) function of the independent variable and the k
parameters.
Similarly to linear models, we find the ’best’ estimators of the parameters by

minimizing _
Sl flab)?
i=1 (5.1) The trouble is that the normal equations
k _ - df(x; b)
i — |’|:_-,'|—=U
_ZI l'” J (i, b)) M

(j =1, 2,..K) are now non-linear in the unknowns, and thus fairly difficult to solve. The first two
terms of the Taylor expansion (in terms of b) of the left hand side, at some arbitrary point bo (close
to the exact solution), are

L

. . ; F,i'fl"r',
Zm flz;, by)| - ——— o,

(=1

i fLr - dflr.b)
. — i I — —_—
(Z [I,.' JIF " N -I] ,i'II.J :’H?,- ,.Z|: il

b—Thy

b—=hyg

dflr:. b)
r'JFJJ;

(by — by, ) + ...
bbby

{Jne can show that the first term in (big) parentheses is a lot smaller than the second

- (5.2)

b=bnp

term; furthermore, it would destabilize the iterative solution below. It is thus to our
advantage to drop it (this also saves us computing the second derivatives). Making the
previous expansion (without the offensive term) equal to zero, and solving for b, yields

b= bo + (X3 Xo) 'K ey (5.3

where
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[ df(r, b)) Of(e, b) dflie,b)
b, by o b
df(xa, b)) af(xs, b) i[9, b)
K, = by o o ;.
f(xn,b)  Af(x,,b) Af (20, b)
by g o Dby b,

is the matrix of all k partial derivatives, evaluated at each value of x, and

n ,Jr.[-i"l.l'_'lr]]
yo — flra,by)

L .
e a2 — .J[.[-i"ﬂ.l'_}r]]

is the vector of residuals.

The standard (numerical) technique for solving them iteratively is called Levenberg-

Marquardt, and it works as follows:

1. We start with some arbitrary (but reasonably sensible) initial values of the

unknown parameters, say bo. We also choose (quite arbitrarily) the first value of
an iteration parametertobe A =1.

. Slightly modifying (5.3), we compute a better approximation to the solutionby

b1 = by [E,';Kn I Adingf{rﬂ Xo) l?‘{.rf e (5.4)

where ’diag’ keeps the main-diagonal elements of its argument, making the rest
equal to 0 (effectively, this says: multiply the diagonal elements of Xo"Xoby 1+1).
If the sum of squares (5.1) increases, multiply A by 10 and backtrack to by, if it
decreases, reduce A by a factor of 10 and accept by as you new solution.

. Recompute (5.4) with the new /1 and, possibly, new b, ie. b

2= by 4 [Kf}*{t | )ulingK{-K.‘_l ]K{-el

where X and e are now to be evaluated using b (assuming it was accepted in the
previous step). Again, check whether this improved the value of (5.1), and
accordingly accept (reject) the new b and adjust the value of /.

. Repeat these steps (iterations) until the value of (5.1) no longer decreases(within

say 5 significant digits). At that point, compute (X"X)- using the latest b and A =
0.

Note that by choosing a large value of 4, the procedure will follow the direction of

steepest descent (in a certain scale), a foolproof but inefficient way of minimizing a
function. On the other hand, when 4 is small (or zero), the procedure follows Newton’s
technique for solving nonlinear equations - fast (quadratically) converging to the exact
solution provided we are reasonably close to it (but going crazy otherwise). So,
Levenberg-Marquardt is trying to be conservative when things are not going too well,
and advance rapidly when zeroing in on a nearby solution. The possibility of reaching a
local (i.e. *false’) rather then global minimum is, in these cases, rather remote (normally,
there is only one unigue minimum); furthermore, one would readily notice it by graphing
the results.
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At this point, we may give (5.2) a slightly different interpretation: If we replace bo
by the exact (albeit unknown) values of the parameters and b by our leastsquare
estimators, the e;jresiduals become the actual ¢ errors, and the equation implies (using a

somehow more sophisticated version of the large-sample theory): bb = b + (X"X)-1XTe
+ ..

covariance matrix ofb indicating that b is an asymptotically unbiased estimator of b,
with the variance-
(XTX)-1XT E[eeTIX(XTX)- = A(XTX)-1
The best estimator of 2 is, clearly
Sy | — Sl b)
n—k
The previous formulas apply, practically without change (we just have to replace x
by x) to the case of more than one independent variable. So, the complexity of the
problem (measured by the second dimension of X) depends on the number of

parameters, not on the number of the independent variables - for the linear model, the
two numbers were closely related, but now anything can happen.

2

Example Assuming the following model

— E“.I -

=z e

and being given the following set of observations:

Xi | 82| 71|98 |64 | 7739|8669 |22| 10
yi | 21| .41|.16| .43 |.16 | 49| .14 | .34 | .77 | 1.07
56 | 64 |58 |61 |75|86 |17 |62 | 8
371.27 .29 | .12 | .24 | .07 | .64 | 40| 1.15
we can find the solution using the following Maple program:

i

> with(linalg):

> x = [82,71,...:

== (.21, 41, ...

> 1 bob k= [seq( [LI/(

[21+[]D=1.19)]:>X:=
augment(diff(f,b[1]),diff(f,b[2])):
; >b:=[11]:
> evalm((y — [1&5(y — [ )
L135107T228

= A =1

> ps := evalm(b):

> C := evalm(transpose(X)&*X):

> for i to 2 do C[i,i] := C[i,i] *transpose(1 + 1) end do:(X)&*(y —
f)): > b := evalm(b+ inverse(C)&*
=evalm((y — &= (y— )

7.304532277
> D :=evalm(bs):
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After several iterations (due to our selection of initial values, we first have to bb, = 10.7
+ 2.9. The two standard errors have been computed by an extrab + increase 1 a
few times), the procedure converges to by = 21.6 2.6 and

> for i to 2 do sqgrt(inverse(C)[i,i]*evalm((y — f)& = (y — f))/17) end do; It is also a
good idea to display the resulting fit by:

> with(plots):

> pl1 := pointplot:  (|seq(|x[i), yli], i = 1..19)])
> pl2 := T X . ~ plot(b[1]/(b[2] +)
(pll, pl2);
= 6 100): -
> display

This can also serve, in the initial stages of the procedure, to establish ’sensible’ values
of by and by, to be used as initial values of the iteration loop.
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Chapter 6 ROBUST REGRESSION

In this chapter we return to discussing the simple linear model.

When there is an indication that the &’s are not normally distributed (by noticing
several unusually large residuals - so called outliers), we can search for maximum-
likelihood estimators of the regression parameters using a more appropriate distribution.
The two most common possibilities are the Laplace (double exponential) and Cauchy
distribution.. Both of them (Cauchy in particular) tend to de-emphasize outliers and their
influence on the resulting regression line, which is quite important when dealing with
data containing the occasional crazy value. Procedures of this kind are called robust (not
easily influenced by outliers).

Laplace distribution

We will first assume that ¢ are distributed according to a distribution with the following
PDF..

FB{[}(—I%;I
2y

for all real values of x (the exponential distribution with its mirror reflection). Since the
distribution is symmetric, the mean is equal to 0 and standard deviation is equal to
T —
VIv =
The corresponding likelihood function, or better yet its logarithm, is then

"l

N
—nln(2y) — - L yi — By — B

Y <5
The% derivativ?_ is

—; + % Z: | i — By — By |
Making it equal to zero and solving for y yields

where Sbo and Aba represent the solution to the other two normal equations,namely

L 1 |.‘f|' — By — By |

"

-
¥

Zhign[y, 3 — 1) = 0

Z &y signl y; — By — Jyrs) 0
i=1

Solving these is a rather difficult, linear-programming problem. We will bypass this by
performing the minimization of

Z“}'s dy o Ay

=1
graphically, with the help of Maple.
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£; b g

sample theory) which allows us to replace  =: b . We thus get To find the mean and
standard deviation of y, we assume that n is large (large-

: —~ Zl 1 |
e —
) > E
which implies that E( o
“'-I — i—=1 I'r- = ” —
T
. . I .

(where the dots imply terms proportional to T AT , etc.), since

I ] exp(— 1) da

'}AI

b yis thus an asymptotically unbiased estimator of y.

Similarly, ) _
n Var(y T
(the dots now imply terms r_“' proportional to , since
I L
o 29

To perform the same kind of :rf- - :; analysis for our (graphical) estimators
ofbfo and The standard deviation of y is thus.
S1, we first realize that these have been obtained by minimizing the sum of a specific
function (say F) of the residuals:
> Fie)
i1

(in this case, F represents taking the absolute value, but we are better off by considering
the general case). The two normal equations are thus

ZF’[{E,:] = 1

il
1

E i Fiie) =0

Expanding the left hand side with respect to foand f1 at the exact (albeit un-

known) values fo and f1 yields: b b

|
=

Z F'(£;) {TJ;U _-;j“jZ F*(z,) [f;l ?']\JZ‘}"L_J:' |
i—1 i—1 i=1
S @il (e0) — (B — Bo) Y wil (&) — (By — 81) Y aH (&) + ... 0
i—1 1=1 i—1 n

We can easily solve for
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h. } ) [ o ] : [ Yo F(e) i wm(e) ]_I [ 2 £7(e) ] |
5| Yl (e) Y @i F(s) Yo wd(e) | T

(6.1)
The large-sample theory enables us to replace the coeflicient matrix by the corre-
sponding expected value (this is kind of tricky here since Foo relates to the Dirac
function), thus:

HEHE R N e

[i] :| + ~ [KI'K}—lK'J'l‘ﬂ

Il
—
e

since E[Foo(si)] =,%. Furthermore, based on E[Fo(ei)] = 0, we can see that the 8 estimators
are asymptotically unbiased. Their variance-covariance matrix equals

ﬂ:'f[x'nr';{} |KFE[F.’FH]X|:KFXI | — ﬂ:'J[K-JX} [ ﬁjl:KfK] 1
sinceB[F'F"'] =1T.
Example: In this example, we will generate our own data, using n = 25, fo= 80, f1=—-2

and o = 10 (the Maple program calls the regression coefficients a and b):

> with(linalg): with(stats): with(plots):
> x := randvector(25,entries=rand(1..35)):

>>y 1= [seq(80 — 2([*x[xi][,yi]+[irandom]],i = 1..[25)])laplaced; [0,10]1(2),i =
1..25)]: pointplot([seq
> F = sumn absy —a— =ux ..

( ( (log(F) =809 = 23= r.ulli.unrplut il
. [l] b[l]),l =1 25) : = 23 b= 2 25:
=X = ,contours= 30);

" augment([seq(L,i = 1..25)],X):
> g = F/25 g =
11.30304097
>for i to 2 do sqrt(inverse(transpose(X)& * X)[i,i] * g*2) end do;
4.585200522
0.2499498573

> g*sqrt15.98491383(2.); g*sqrt(2./25);

3.196982767

Our estimates forwith the true values offo and 1 80are thusand _85210)'1The,5but its

error is less thanand” estimate of—2.25+0.2516,.0in good agreement+ 3.2 2is not

b

= 2.1
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thatstandard impressive (the exact value was errors, which we know to be quite

feasible.

Cauchy Case

This time we will assume that the ¢ distribution is Cauchy, with the following PDF:
I F

P
Note that this distribution has indefinite mean (even though its median is equal to 0),
and infinite standard deviation (¢ denoting its quartile deviation). The logarithm of the

likelihood function is now

—nlnT+nlne — Z lll[ﬁ? +(y; — 3y — .-f1.r_.-}9]
i=1
Differentiating with respect to o, we get
1 - 20

2 2
a ot (i — By — P1xz)

Setting it to zero yields

Z;_E_U
L+(2)2 2

i=1 - (6.2)
where &= Vi _ﬁo_ﬁlxi'ﬂo and 1 derivatives equal to 0 results in
Similarly, making the
Z _E g
Lt g 4 6
Z -f:fﬂi ; = U
i—1 T 4+ = (63)

Maple in normally capable of solving these (nonlinear) equations for the three
parameters, but we may have to help in the following way: Rather then asking it to solve
(6.2) and (6.3) simultaneously, we first provide a rough estimate for ¢, and solve (6.3)
for foand f1 (it is always save to start with a large value of o, which reduces this step to
a simple regression). Using these values of foand /1, we ask Maple to solve (6.2) for o.
This cycle is repeated till convergence (o, foand f1no

longer change). The results are of course our o, foand f1 estimates.
To investigate the statistical properties of the three estimators (now consideredb b

as random variables, not the final values), we again expand the right hand sides of the
normal equations at the exact values. We should now do it with all three equations, since

F=1Ino— In(?2+ %)

is a function of all three parameters. But it is easy to see that the resulting equations
decouple eventually (since the partial derivative of F with respect to o and si, namely

A
f=2+<71% has, in our approximation, a zero expected value).
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So it is quite legitimate to first expand (6.2), assuming that So and f1 are fixed:

i o n o9
- 0 1 -~ Z2os! ~ _
L,,z_kf;g _§+;‘m[ﬂ—rﬂ+...=ﬂ
1

=1

¥ T W
— a? 1 1 f a? 1 F
il N Bl . =— = | =5 —dz =1
ot +ef 2 iy g+ x? 2] 0%+ a?

— O3

o is clearly asymptotically unbiased. Furthermore, after dividing (6.4) by n, we

(6.4)

Since

may replace the second coeb fficient by its expected value

thus:

+ — -]+ ...
i -1:7[ ]

7 equals

1 |'72 l
?:; (r:r'z | f E) 1

This means that the variance of

9
n o+ & - T T

Similarly, (6.1) now implies (since, F(s) = —In(o? + &)

fixed):

assuming that o is

~1

-~ Te :Ef_*'-r'2 =4 n er? "'] 0l D

O {"’u } | ZEmar Xawenan Ziaga |
- p— o . 2{,,.2_:.1] % : '![cr‘—s:"J ] .. P
]I| ']II :)__:,' I-.;"I-[!'T'I'E.'!'_lz F:f 1 'r.;z(rr;’._:'l:lz zj 1 H i) .-_|'E|=';'

2

1 =1 L ey
202 | P L T Z e

which demonstrates that So and f1 are asymptotically unbiased, having the fol-

lowing variance-covariance matrixb T bt T T
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Example: We will use the same parameters as in the previous example, except now the
&i’s have the Cauchy distribution with ¢ = 3. The following Maple program does
the job:

> with(linalg): with(stats): with(plots): > x
:=randvector(25,entries =rand(1..35)):

>>pointploty := [seq(80([seq— 2([*x[xi][,yi]+[irandom]],i = 1..[25)])cauchy; [0,3]1(1),i =
1..25)]:

> Fl:=sum(o 2/(g°2 + (y[i] —a — b+ z[i]) 2),i = 1..25):

> F2 :=sum((yi] —a—bxzx[i])/ (e 2+ (yi] — a - b*x[i]) 2),i = 1..25):

> F3 :=sum((y[i] —a—bxzx[i])«x[i]/(c°2+ (y[i{] —a —b=x[i])"2),7 = 1..25)

> ¢ = 100:

>fsolve({b = —1.979312306, a = 79.80522543}{F2,F3},{a = 60..100,b = —5.. —
1});
>assign(%): o :=’0’:
= g = fsolve( F'1 — 25/2, 0 = 0..100)
7= 3.351948403 ;
o= "a h:="00

= X :=augment([seq(1,i = 1..25)],X):

>for i to 2 do sqgrt(inverse(transpose(X)& * X)[i,i] * 2 * 6"2) end do;
1.735026661
0.09386891459

> g SQrt0.9480741785(2./25);

This time, we are getting 79.8+1.7 for fo, —1.979+0.094 for f1 andfsolve3.35xloop0.95
for 0. Note that we had to iterate (about 4 times) through the to reach these values.
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Chapter 7 TIME SERIES

In this chapter we study the possibility of the ¢’s being correlated with one another. This
would normally happen when x is time, and we take a y observation (something like a
stock price) every day (month, year, etc.). We will assume a simple linear (or
polynomial) relationship between x and y, but the &’s are now generated by

&= aiei-1+ ozeci2 + ... + 0i

where az, a2, ... are (unknown) constants, and oi are independent, normally distributed,
with the mean of zero and standard deviation of ¢. This is called the autoregressive
model (for the &’s). We will first look in detail at the simplest case of the

Markov Model
namely

&i = a1gi-1+ 0i = pei-1+ i (7.1)

A terminology note: When the &i’s were independent, they could be seen simply as a
random independent sample of size n from N(0,s). Now, when generated in this
new, rather nontrivial manner, they constitute a so called stochastic process. There
are several kinds of stochastic processes; the ones with an integer index (the time
scale is discrete) and continuous state space (values of ¢) are called time series.

We will assume that this process (of generating the &i’s) is stationary, i.e. it started
in a distant past (not just with our &1), implying that the distribution of all the &i’s is the
same (so is the correlation coefficient between any two consecutive &i’s, etc.). The
process can be stationary only when the model parameters (p in this case) fall in a
specific range (meeting conditions of stability).

Under this assumption, we can establish that the &’s remain normal with the mean
of zero. We can also find their common variance by taking the variance of each side of
(7.2):

Var(e) = p?Var(e) + ¢

(note that ¢ and ¢j are uncorrelated whenever i < j). This implies that
2
T

1—p?
Note that the result is finite and positive only when |p| < 1 (this is also the stability

Var(z) =

condition).

To find the correlation coefficient between &i-1 and & (the so called first serial
correlation p1), we multiply (7.1) by &i-1and take the expected value, getting:
Cov(ei-1,&i) = pVar(ei-1) Dividing by

Var(e) yields:
pL=p

giving us a clear interpretation of our parameter p.
Similarly, to establish the k™" serial correlation, we multiply (7.1) by ¢i—«and take the

expected value:
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Cov(ei k&) = pCoV(eik&i-t)
Dividing by the common variance yields the following recurrence formula
PK=p - p-t
which implies almost immediately that

Pk= pk

This means that the variance-covariance matrix of ¢, &,....en (@nd therefore of y1, y2,
yn) is

1 p 0 - 0
—p 1 —-—I.u'z —p e )
-l =L. 0 —p 1+p° -+ 0 _ll'-r;
ﬁz . ) . . T

0 0 0 1

B 1 P jﬁﬂ J”r.'—l

2 p 1 p e pt?

W = [ p'} o 1 . Jr}r.'—i!-

| — p? ) }
,|r'|r —1 Jr}r.'—'ﬁ II.,il.'.'— i 1
Luckily, this matrix has a rather simple (tri- , diagonal) inverse:

(check it out). Its determinant is equal to. =7

To perform simple regression, we need to maximize the logarithm of the
likelihood function, namely: _
| _ — X8y Wy - X
%lug{iﬁ] n log a4 Elug{l %) ly f }2;2{‘? B)
This will yield the usual (weighted) estimators of B and &%, but now we also need to
estimate p, based on

p (y—XB8) Uy —XB)
1 I{J"’ - Dy
01 0
1 —2p 0
U={0 1 =2p 0
where 0 0 0 0

or, equivalently,
~n—1
> _,?=| L

F} = i—| I =
5 =2 T
2i—a € T 17

(7.2)
It is clear that, so solve for the maximum-likelihood estimators, one would have to
iterate, e.g. start with p = 0 and do the ordinary regression, then use (7.2) to estimate p
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and come back to estimating B and ¢ by the corresponding weighted regression, etc.,
until the estimators no longer change.

We will not derive the standard error of each of these estimators (it would be fairly
tricky - we would have to use the large-n approach).
> x :=[5,10,15,20,25,30,35,40,45,50,55,60,65,70,75,80,85,90,95,100]:
>y :=[126,114,105,108,95,102,101,95,83,71,75,93,102,84,62,67,63,55,21,20]: >
pointplot([seq([x[i].y[i]],i = 1..20)]):
> X := matrix(20,2):
> for i to 20 do X[i,1] :=1; X[i,2] := x[i] od:
> W := matrix(20,20,0):
= rho =0:
= for i to 19 do Wi, i+ 1] := —rho; Wi+ 1,1] := —rho; Wi i] := 1+rho
2
od:
>WI[1,1] :=1:W[20,20] :=1:
> beta := evalm(inverse(transpose(X)&*W&*X)&*transpose(X)&*W&*y); f =
[130.0261406, —0.9337280922]
> e ;= evalm(y — X&*beta):

> var := evalm(e&*W&*e)/18; var :=

123.7606318
= A = sum(e [.-' =I=r['f'+l].'f" [..19) :
= B £ i ! =sum( [’ 172, ’=2..19):

> rho :=p := 0.5775786348fsolve(r = A/(B + var/(1 — r"2)),r);

Note that, to get the solution, we had to iterate (repeat the execution of the last few
lines, starting with redefining the elements of W).

Yule Model
The error terms are now generated by

&i = a1gi-1+ 02¢6i-2 + o (7.3)
where a1 and a2 are (unknown) constants, and i are independent N(0,o). Multiplying by

&i-1, taking the expected value and dividing by Var(X) yields

pL=o1+t azp1

which implies that
]

(74) ! 1 o
2w (where & = 2]
Similarly, multiplying (7.3) by -, taking the expected value and dividing by Var(X)
results in the following recurrence formula for all the remaining serial correlation
coefficients:

Pk = a1pk-1t+ azpk-2

(with the understanding that po=1).
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Taking the variance of each side of (7.3) yields
Var(e) = o?1Var(e) + a®.2Var(e) + 2aaa2Var(X)p1 + o

With the help of (7.4), we can now solve for
L 1 — a9 a
Var(z) = . '
ie) (14 ) (1 — g — as)(1 + oy —ﬂ-g}lg
One can also show that the process is stable (stationary) if and only if all three factors
in the denominator of the previous formula are positive. The logarithm of the likelihood
function is now:

(y — XB8)"W(y — X8)

. 1 ]
—% log(2m)—n log J-I-Iug{l-l-n-;_]l-l-; log(1—ay —n-;_jl-l—; log(l4ay —ag)—

252
where
1 —k —{ly ] 0
% 14 rl% ap(l = o) g 0
- —ag  —aq(l —ag) l+ri%—f1§ —aq (1 — ag) 0
W= 0 — ¥y —ap(l —ay) 140+ a3 0
0 0 0 ] T |
Setting the a1 derivative equal to 0 yields
2 —1 n—2 n—1
T 3
. £ ey L 1= e
[l—”l—!’lz}[l+I'l|—fl-,_'}+“|42,_,“ “J;"Hrll : l‘rflll
Similarly, using the a2 derivative, we get
\ A n—=2 =2 n=2
(2009 + of — 203) o® : 5
- =+ 50 T+ ey = 50
(1 4+ e} (=14 ag +az) (1 +ay —as) lg S 22 ' ; e

To a good approximation (when n is reasonably large), these can be replaced by

Yiael i een _ 2 el

14
= + (k3 =
! n—1 n—1
n=1_ n 2 n=2 _
Zr’ 1 Fitig Er’ 1 &5 Ef 1 Fiti2
¥y f (g = :
n—1 n n-—2

= n = 60: eps 1= veclor(n):
= -r-er.H[.'.l‘_ = rer.-\'[.u — J_] =10
= with(stats):with(linalg):with(plots):

> eps[1] := 1.63 * epseps[[1]n]—..7272**epseps[[nn]+—
1]+randomrandom[normald[normald[0,1]](2)[0,1]](1):

> eps[2] := 1.63 *
for ¢ from 3 to n do eps[i| := 163 % eps[i — 1] — .72 % epsfi — 2|+
[mormald[0 1]](1) od:

>random
> pointplot([seq([i,eps[i]].i = 1..n)]):
> A eps Ml % eps 1if it W= n— = sum( [ ]

> B := sum(eps|hrt]  epstir + 1], 0t = 1.n — 1) /(n — 1) +2] =1 2)/( 2):
= eps it 1 .1 :



>

=sum( [ 12 =1 )in:
linsolve(matrix(2,2,[C,B,B,C]),[B,A]);
0.7481655896]

[1.612192917, —
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